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Abstract. Clock synchronisation is conventional when inertial systems are involved. This statement 
is no longer true in accelerated systems. A demonstration is given in the case of a rotating platform. 
We conclude that theories based on the Einstein's clock synchronisation procedure are unable 
to explain, for example, the Sagnac effect on the platform. Implications on very precise clock 
synchronisation on earth are discussed. 

^' 

0\ ' 1 Conventionality of clock synchronisation in inertial frames 

Let us begin with an operationalistic definition of physical time: "time is what is measured 
by clocks". If we want to apply this definition for the setting of clocks not only in one point, 
^ but everywhere in space, we see that two different and independent notions are implied: 

(N 



• The rate at which time flows in each point. 
I • The simultaneity of events in different points of space. 



^ I Following Poincare [|I| and Einstein p[, we can use light signals for the setting of two clocks 
' of identical fabrication, which are at two points A and B of an inertial frame. We send a 
light signal from A at time ti, which arrives at B at time ^2 and comes back at A at time 
Q^ . The time ^2 of B is defined to be synchronous with the midtime of departure and arrival 

', in A. This definition is called the Einstein's synchronisation. Mathematically: 

& t2=h + ^it,-t,) (1.1) 



X 



Reichenbach commented p|:"r/izs definition is essential for the special theory of relativity, 



^ • but not epistemologically necessary. If we were to follow an arbitrary rule restricted only to 
^ the form 

t2 = ti + e{t3 - ti) 0<£<1 (1.2) 

it would likewise be adequate and could not called be false. If the special theory of relativity 
prefers the first definition, i.e., sets e equal to 1/2, it does so on the ground that this definition 
leads to simpler relations." On the possibility to choose freely e according to ( |1.2D agreed, 
among others, Winnie ^, Griinbaum [Q, Jammer 0, Mansouri and Sexl |^, Sjodin [||, 



Cavalleri and Bernasconi Ungar ||T0[, Vetharaniam and Stedman |jTT|, Anderson and 
Stedman |T^, [|T^. Clearly, different values of e correspond to different values of the one 
way-speed of light. 

A slightly different position was developed in the parametric test theory of special relativity 
of Mansouri and Sexl. Following these authors, we assume that there is at least one inertial 
frame in which light behaves isotropically. We call it the priviledged frame S and denote 
space and time coordinates in this frame by the letters: {xo,yo, Zo,to). In E, clocks are 
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synchronised with Einstein's procedure. We consider also an other system S moving with 
uniform velocity v < c along the xo-axis in the positive direction. In S, the coordinates 
are written with lower case letters {x,y,z,t). Under rather general assumptions, symmetry 
conditions on the two systems, the assumption that the two-way velocity of light is c and 
furthermore that the time dilation factor has its relativistic value, one can derive the following 
transformation: 

y = yo 

z = Zq (1.3) 
t = s{xo- vto) + to , 

where f3 = v/c. The parameter s, which determines the synchronisation in the S frame 
remains unknown. Einstein's synchronisation in S involves: s = —v/ {c^y/l — (3'^) and ( p..3|) 
becomes a Lorentz boost. For a general s, the inverse one-way velocity of light is given by 



1 1 fp 



where B is the angle between the x-axis and the light ray in S. c^(0) is in general dependent 
on the direction. A simple case is s = 0. This means from ( |1.3D , that at T = of S we set all 
clocks of S at t = (external synchronisation), or that we synchronise the clocks by means 
of light rays with velocity c_+(0) = c/(l + /5cosG) (internal synchronisation). It should be 
stressed that, unlike to the parameters of length contraction and time dilation, the parameter 
s cannot be tested, but its value must be assigned in accordance with the synchronisation 
choosen in the experimental setup. It means, as regards experimental results, that theories 
using different s are equivalent. Of course, they may predict different values of physical 
quantities (for example the one-way speed of light). This difference resides not in nature itself 
but in the convention used for the synchronisation of clocks. For a recent and comprehensive 
discussion of this subject, see [^. A striking consequence of (|1.4| ) is that the negative result 
of the Michelson-Morley experiment does not rule out an ether. Only an ether with galilean 
transformations is excluded, because the galilean transformations do not lead to an invariant 
two-way velocity of light in a moving system. 

Strictly speaking, the conventionality of clock synchronisation was only shown to hold in 
inertial frames. The derivation of equation ( |1.3| ) is done in inertial frames and is based 
on the assumption that the two-way velocity of light is constant in all directions. This last 
assumption is no longer true in accelerated systems. But special relativity is not only used in 
inertial frames. A lot of textbooks bring examples of calculations done in accelerated systems, 
using infinitesimal Lorentz transformations. Such calculations use an additional assumption: 
the so-called Clock Hypothesis, which states that the rate of an accelerated ideal clock is 
identical to that of the instantaneously comoving inertial frame. This hypothesis first used 
implicitely by Einstein in his article of 1905 was superbly confirmed in the famous timedecay 
experiment of muons in the CERN, where the muons had an acceleration of lO^^g, but where 
their timedecay was only due to their velocity |T6|. We stress here the logical independence 
of this assumption from the structure of special relativity as well as from the assumptions 
necessary to derive (PTB]). The opinion of the author is that the Clock Hypothesis, added to 
special relativity in order to extend it to accelerated systems leads to logical contradictions 
when the question of synchronisation is brought up. This idea was also expressed by Selleri 
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[|T^. The following example (see |T^) shows it: imagine that two distant clocks are screwed 
on an inertial frame (say a train) and synchronised with an Einstein's synchronisation. The 
train accelerates during a certain time. After that, the acceleration stops and the train 
has again an inertial mouvement. It is easy to show that the clocks are no more Einstein's 
synchronous. So the Clock Hypothesis is inconsistent with the clock setting of relativity. On 
the other hand, the Clock Hypothesis is tested with a high degree of accuracy and cannot 
be rejected, so one has to reject the clock setting of special relativity. The only theory which 
is consistent with the Clock Hypothesis is based on transformations ( |1.3| ) with s = 0. This 
is an ether theory. The fact that only an ether theory is consistent with accelerated motion 
give strong evidences that an ether exist, but does not involve inevitably that our velocity 
relative to the ether is measurable. It remains an important open question which is beyond 
the scope of this paper. The opinion of the author is that it cannot be measured in the above 
example, in spite of the logical difficulties of special relativity. There are strong evidences 
that when a temporary acceleration is used to go from one inertial frame to an other, an 
"absolute" motion cannot be measured, as it has been shown by the author in the case of 
stellar aberration The situation could be different when a permanent acceleration acts 
on a system. The logical difficulties of special relativity indicates that the relativity principle 
(The law of physics are the same in all inertial frames) does not only express an objective 
property of nature, but also a human choice about the setting of clocks. The objective part 
of the relativity principle is expressed in the statement: an uniform motion through the ether 
is not detectable. Equations (|1.3|) obeys to this second statement. 



The Sagnac effect 



An uniform motion through the ether was never detected, what is expressed in the negative 
result of the Michelson-Morley experiment. In contrary, rotational motion can be detected 
by mechanical methods like the Foucault pendulum as well as by luminuferous methods like 
in the Sagnac effect. Eight years after 1905, Sagnac wrote an article whose title shows that 
he thought to have proved the reality of ether The Sagnac effect is essentially the 

observation of the phase shift between two coherent beams travelling on opposite paths in 
an interferometer placed on a rotating platform. In 1925, Michelson and Gale detected 
the earth rotation rate with a giant interferometer constructed with this aim. Michelson 
explained the measured effect with a velocity of light which is not constant. Nowdays the 
Sagnac effect is observed with light (in ring lasers and fiber optics interferometers p3[) and in 
interferometers built for electrons , neutrons [^] , atoms | and superconducting Cooper 
The phase shift in interferometers is a consequence of the time delay between 



m 



pairs 

the arrival of the two beams, so a Sagnac effect is also measured directly with atomic clocks 



timing light beams sent around the earth via satellites [28 



In the typical experiment for the study of the effect, a monochromatic light source placed on 
a disk emits two coherent light beams in opposite directions along the circumference until 
they reunite after a 2tt propagation. The positionning of the interference figure depends on 
the disk rotational velocity. Textbooks deduce the Sagnac formula in the laboratory, but 
say nothing about the description of the phenomenon on the rotating platform. Exception 
to this trend are Michelson |2^, Langevin Anandan Dieks and Nienhuis |^ and 
Post [^], but dissatisfaction remains widespread, because none of these treatments is free 
of ambiguities. Michelson uses a noninvariant velocity of light, but with a galilean addition 
of velocities, which is in contradiction with his experiment of 1887. Langevin, in his 1937, 
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paper recognized the possibility of a nonstandard velocity of light on the rotating platform, 
but gives a formula only valid to the first order. Post's relativistic formula is not generally 
valid, but limited to the case where the origin of the tangential inertial frame coincides with 
the center of the rotating disk. 

So let us deduce here the Sagnac formula for a circular Sagnac device rotating in the an- 
ticlockwise sense in the priviledged frame S, for simplicity. We first calculate the time 
difference between a clockwise and an anticlockwise beam of light constrained to follow a 
circular path of radius R as seen by an observer in the laboratory and secondly we will make 
the calculation on the rim of the disk. The two beams leave the beamsplitter at time to = 
when it is in position C (see figure 1). The clockwise circulation is opposite to the direction 
of rotation and meets the beamsplitter when it is in position C shifted by As' with respect 
to C, at time t'^. The anticlockwise beam, travelling in the same direction as the direction 
of rotation meets the beamsplitter in the later position C", shifted by As", with respect to 
C at time tg. The geometry is given in the following figure, uj is the rate of rotation of the 
interferometer. 
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Figure 1: Simplified Sagnac configuration: the light beams are drawn with dashed lines 
We have: 

As' = ujRtQ ; Lo - As' = ctg (2.1) 

and 

As" = ujRt'^ ; Lo + As" = ct'^ , (2.2) 

where Lq is the circumference of the rotating disk measured in the laboratory. The length 
of this circumference is reduced relative to the length L = 2ttR measured directly on the 
disk (see section 3 for a discussion of the geometry of the rotating disk). We have: Lq = 

L\Jl — ijj'^B? jc?. Eliminating As' and As" from equations ( |2.1| ) and ( |2.2| ), we obtain the 
time difference Ato = ^'q — t'^ in the laboratory 

Ato = , ^""^ , (2.3) 

where A stands for vri?^. Because of the time dilation, an observer on the platform must 
find a time difference At, so that: 

Ato = , , (2.4) 

^1 -Cj2i?7c2 
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which gives using (p.3|): 

At^^ (2.5) 



Let us now directly calculate the result on the platform, as done by Selleri |T^. Every 
infinitesimally small portion of the rim of the disk can be considered to be at rest in a 
comoving inertial frame tangential to the disk. The Clock Hypothesis of special relativity 
tells us that the rate of ideal clocks on the rim is the same as in the comoving inertial 
frame. Similary ideal unit measuring rods behaves in the same way on the rim and in the 



comoving inertial frame []33| , p. 254]. For reasons of continuity, we must choose the same 
synchronisation on a small portion of the rim as in the tangeantial inertial frame. The one- 
way velocity of light is given by (p..4|). The time difference between the arrival of the two 



light beams as calculated on the disk is given by: 

At = t"-t' = Li —— — ]=^il + _V (2.6) 



Comparing this last formula to (|2.5|) , we see that the only value giving a correct prediction 
of the Sagnac effect on the platform is s = 0. In all other cases, the formula ( ^.5| ) is 
not recovered as it should be, because (|2.3| ) is predicted by all theories having the general 
transformation ( |1.3| ) since they all use an Einstein's synchronisation in the laboratory. In 
particular, the theory of special relativity gives At = 0, when the value of s given after ( p..3|) 
is substitued in (p.6|) . 

Independently of the above considerations, we would draw the attention of the reader to 
our formula ( p.3|) , which differs in the second order in uR/c, from the formula given by Post 
and followers. In the same physical situation, he gives in the laboratory: 

The discrepancy comes from the fact that Post does not take account of the Lorentz con- 
traction of the circumference of the disk. From our point of view, this is erroneous. Unfor- 
tunately, the precision of measures of the Sagnac effect does not enable to decide between 
the two formulas on an experimental level, so that we have no empirical information on the 
physics of a relativistic rotating disk. 



3 Clock synchronisation in the formalism of general relativity 

The same disk as in section 2 is considered. We can obtain the metric on the disk as follow: 
in the inertial system the squared line element ds"^ in cartesian coordinates is: 

ds'^ = c^dtl — dxl — dyl — dz^ (3.1) 

In the formalism of general relativity one has a large liberty in the choice of the coordinate 
system useful for solving a given problem. Since we are doing physics and not only differential 
geometry, once given coordinates are choosen, the problem of their interpretation in terms 
of measurable quantities has still to be solved. In the case of the rotating disk it is simpler 
to use the coordinates in the right-hand side of the following transformations, as done for 
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examples by Langevin |^ and by some textbooks |3^, p. 253], |3^, p. 107], ||3^, p. 281]. 

to = t 

Xq = r cos(v9 + LUt) 

yo = r sm{ip + ut) (3.2) 
Zo = z 

As stressed by Moller, in his treatment of the problem of the rotating disk, the first equation 
of (|3.2|) does not mean that we are dealing with Newtonian physics, where time dilation 



effects are missing, but that the coordinate t is measured by a clock on the disk, that runs 



cj^r^/c^ faster than the clocks of the laboratory, when compared at rest. Once this 
coordinate clock will be put on a disk rotating with angular velocity uj at radius r, it will 
have the same rate as the clocks in the laboratory, because of the time dilation. Similary 
the second and the third equation of ( p. 21) have a physical meaning, taking account of effects 
of longitudinal length contraction, only if the coordinate is measured with tangential 



coordinates-rods that are l/yl — ui'^r'^/c^ longer than the measuring rods of the laboratory 
when compared at rest. Substituting ( p. 21) in (|3TT| ) one can easily obtain: 



2 

ds^ = (l - cuVVc^) {cdtf - 2^d^ {cdt) - dr^ - r^d^^ - dz^ (3.3) 

Eq. ( p.3| ) defines a metric Qij which is stationary, but not static. If x° = ct, x^ = r, x^ = ip, 
x^ = z, its element are: 

5(00 = 1 - u?r'^l(? ; = 533 = -1 

5-02 = 5-20 = -t^rVc ; 522 = -r^ , (3.4) 



all other elements being zero. Note that the space-time described by (|3.4| ) is fiat because 
Rijkiito, Xq, yo, zo) = ^ Rijki{t, r, (p,z) = k,l = 0, 1, 2, 3], where Rijki is the Riemann 
tensor. For the same reason of covariance, the metric defined in ( |3.4|) is necessarly a solution 
of Einsteins equations in empty space Rij = = 0, 1, 2, 3], where Rij is the Ricci tensor. 
As is well known, in the case of a non-static space-time metric, the spatial part of the metric 
is not only given by the space-space coefficients of the four dimensional metric, but by: 

df = (-g^p + dx-dx^ = dr' + dz' + ^ ""'t^' , (3.5) 

V ^00 / l-^V7c2 

where is the time index, and a, (3 represent the space indices and can take the values 1, 2, 3. 
The right-hand-side of (|3.5| ), with dz = 0, is interpreted by most textbooks as the standard 
result, showing that the spatial part of the metric is not flat on the rotating disk. The opinion 
of the author is that it demonstrates exactly the contrary, namely that space is fiat on the 
rotating disk. We have seen that the angle was measured with tangeantial coordinates- 
rods, which, at rest, are longer than those of the laboratory, the radial measuring rods on the 
disk having the same rest length as those of the laboratory. If in contrary we had choosen 
tangential unit rods which, at rest, have the same length as the rods of the laboratory the 
coordinate ip' measured with these rods on the disk would satisfy the following equation: 



dip = d^'^1 - u^ryc^ , (3.6) 
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so that measured with these "normal" rods ( p.5| ) becomes: 

dl^ = dr^ + dz^ + r^dip'^ , 



(3.7) 



which is a flat metric in polar coordinates. 

We now try to set clocks with an Einstein's synchronisation on the disk. Generally, if we 
send a light signal from point A with coordinates x°', a = 1,2,3 to an infinitesimally near 
point B with coordinates x° + dx°', a = 1, 2, 3 and back, the coordinate time difference dti 
{dt2) for the "there" (back) trip is obtained by solving the equation ds^ = 0. We obtain: 



1 



cgoo 



ujr'^dip 



+ 



dl 



AB 



T9o.dx- + sjigo^g,, - g.,g,o) dx-dx^\ = ±-^, _ , ^^^^^^ 

(3.8) 

By definition the time t^, at A, which is synchronous with the arrival time at -B is 
the midtime of departure and arrival at A. So, two Einstein-synchronous events are not 
coordinate-time-synchronous (see figure 2) and have a difference At such that: 



= t A + At = tA 



1 goadx^ 



tA + 



ujr'^dip 



(3.9) 



c (7oo (1 — cu^r^/c^) 

If we generalise this procedure, not only in an infinitesimal domain, but along a curve, we 




Figure 2: Illustration of equations (|3.8| ) and (|3.9| ). Einstein's synchronous events Ia and Ib 
are joined with a dashed line. Coordinate-time synchronous events are joined with a doted 
line. 

obtain that generally it is path dependant, because At is not a total differential in (p and r. 
As consequence, time can not be defined globally on the disk with Einstein's procedure. This 
is what in fact happens on earth: if one synchronises atomic clocks all around the earth with 
Einstein's procedure and comes back to the point of departure after a whole round trip, a 
time lag will result. This means that a clock is not synchronisable with itself, which is clearly 
absurd. Moreover, we will generally not obtain the same result, when synchronising clock A 
with clock B using two different paths. This mean also that if a clock B is synchronised with 
A and a clock C is synchronised with B, C will generally not be synchronised with A. Hence 
the physicist Ashby from Boulder has said: "Thus one discards Einstein's synchronisation 



in the rotating frame" |^ 
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The existence of synchronisation problem is physically strange, because if the whole disk is 
initially at rest in the laboratory, with clocks near its rim synchronised with the Einstein's 
procedure, since we are in E, then when the disks moves accelerates and attains a constant 
angular velocity, the clocks must slow their rate, but not desynchronise, for symmetry rea- 
sons, since they had at all time the same speed. From such a point of view, it is difficult to 
see why there should be any difficulty in defining the time on the rotating platform. In fact, 
we see that we can easily define a global time since the coordinate time t is already global. 
Remembering that the coordinate time t is measured with clocks that run faster than clocks 



at rest in S, we define a global time t' = y 1 — uj'^r'^/c'^ t. The one-way velocity of light on 
the rim is now given by: 

dt'i,2 c/ti,2y^l - cjVVc2 l±ujr/c ' 



where the last step comes from (3^) and (|3.8|) with dr = dz = and + (— ) stands for 
the anticlockwise (clockwise) propagation of light. It means that the velocity of light in the 
tangential inertial frame is also equal to: c^(±) = c/(l ± j3), with /3 = ur/c , corresponding 
to a parameter s = of (|1.4| ) and an angle of (vr). From here, the Sagnac effect can 
easily be calculated, in the same way as in section 2 and the result is found to be identical. 
So we see that the formalism of general relativity is able to describe without contradictions 
the synchronisation of clocks on the rim of a rotating disk, but implies a velocity of light in 
the comoving inertial frame tangeantial to the rim which is noninvariant and so contradict 
the clock synchronisation of special relativity. 



4 Conclusion 



In inertial systems the synchronisation of clocks is conventional and a set of theories equiva- 
lent to special relativity, as regards experimental results, can be derived. When extended to 
accelerated motion, the synchronisation is no longer conventional and only the theory using 
s = from (|1.3|) is consistent with the Clock Hypothesis. This conclusion is confirmed in 
the case of the Sagnac effect. An elementary calculation shows that only s = enable to 
explain the Sagnac effect on the platform. Since one could say that accelerated motions have 
to be calculated with the formalism of general relativity, we have done it and shown that 
in this case also, only a noninvariant velocity of light enables to synchronise clocks globally 
on the platform. So, the clock synchronisation used in special relativity is inconsistent with 
the global definition of time used in general relativity. Moreover we have shown that, in our 
view, the geometry of the rotating platform is fiat. 
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